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COHOMOLOGICAL STRUCTURE OF THE MAPPING
CLASS GROUP AND BEYOND
SHIGEYUKI MORITA
Abstract. In this paper, we briefly review some of the known re-
sults concerning the cohomological structures of the mapping class
group of surfaces, the outer automorphism group of free groups,
the diffeomorphism group of surfaces as well as various subgroups
of them such as the Torelli group, the IA outer automorphism
group of free groups, the symplectomorphism group of surfaces.
Based on these, we present several conjectures and problems
concerning the cohomology of these groups. We are particularly
interested in the possible interplays between these cohomology
groups rather than merely the structures of individual groups. It
turns out that, we have to include, in our considerations, two other
groups which contain the mapping class group as their core sub-
groups and whose structures seem to be deeply related to that of
the mapping class group. They are the arithmetic mapping class
group and the group of homology cobordism classes of homology
cylinders.
1. Introduction
We begin by fixing our notations for various groups appearing in this
paper. Let Σg denote a closed oriented surface of genus g which will be
assumed to be greater than or equal to 2 unless otherwise specified. We
denote by Diff+Σg the group of orientation preserving diffeomorphisms
of Σg equipped with the C
∞ topology. The same group equipped with
the discrete topology is denoted by Diffδ+Σg. The mapping class group
Mg is the group of path components of Diff+Σg. The Torelli group,
denoted by Ig, is the subgroup of Mg consisting of mapping classes
which act on the homology group H1(Σg;Z) trivially. Thus we have an
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extension
(1) 1−→Ig−→Mg−→Sp(2g,Z)−→1
where Sp(2g,Z) denotes the Siegel modular group. Choose an embed-
ded disk D ⊂ Σg and a base point ∗ ∈ D ⊂ Σg. We denote by Mg,1
and Ig,1 (resp. Mg,∗ and Ig,∗) the mapping class group and the Torelli
group relative to D (resp. the base point ∗).
Next let Fn denote a free group of rank n ≥ 2. Let AutFn (resp.
OutFn) denote the automorphism group (resp. outer automorphism
group) of Fn. Let IAutn (resp. IOutn) denote the subgroup of AutFn
(resp. OutFn) consisting of those elements which act on the abelian-
ization H1(Fn;Z) of Fn trivially. Thus we have an extension
(2) 1−→IOutn−→OutFn−→GL(n,Z)−→1.
The fundamental group π1(Σg \ IntD) is a free group of rank 2g. Fix
an isomorphism π1(Σg \ IntD) ∼= F2g. By a classical result of Dehn and
Nielsen, we can write
Mg,1 = {ϕ ∈ AutF2g, ϕ(γ) = γ}
where the element γ is defined by
γ = [α1, β1] · · · [αg, βg]
in terms of appropriate free generators α1, β1, · · · , αg, βg of F2g. Then
we have the following commutative diagram
(3)
1 −−−→ Ig,1 −−−→ Mg,1 −−−→ Sp(2g,Z) −−−→ 1y y y
1 −−−→ IAut2g −−−→ AutF2g −−−→ GL(2g,Z) −−−→ 1.
Similarly, for the case of the mapping class group with respect to a
base point, we have
(4)
1 −−−→ Ig,∗ −−−→ Mg,∗ −−−→ Sp(2g,Z) −−−→ 1y y y
1 −−−→ IOut2g −−−→ OutF2g −−−→ GL(2g,Z) −−−→ 1.
Next we fix an area form (or equivalently a symplectic form) ω on Σg
and we denote by SympΣg the subgroup of Diff+ Σg consisting of those
elements which preserve the form ω. Also let Symp0Σg be the identity
component of SympΣg. Moser’s theorem [84] implies that the quotient
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group SympΣg/ Symp0Σg can be naturally identified with the mapping
class group Mg and we have the following commutatvie diagram
(5)
1 −−−→ Symp0Σg −−−→ SympΣg −−−→ Mg −−−→ 1y y ∥∥∥
1 −−−→ Diff0Σg −−−→ Diff+Σg −−−→ Mg −−−→ 1
where Diff0Σg is the identity component of Diff+Σg.
In this paper, we also consider two other groups. Namely the arith-
metic mapping class group and the group of homology cobordism classes
of homology cylinders. They will be mentioned in §8 and §11 respec-
tively.
2. tautological algebra of the mapping class group
Let Mg be the moduli space of smooth projective curves of genus g
and letR∗(Mg) be its tautological algebra. Namely it is the subalgebra
of the Chow algebra A∗(Mg) generated by the tautological classes κi ∈
Ai(Mg) (i = 1, 2, · · · ) introduced by Mumford [85]. Faber [15] made
a beautiful conjecture about the structure of R∗(Mg). There have
been done many works related to and inspired by Faber’s conjecture
(we refer to survey papers [30][53][105] for some of the recent results
including enhancements of Faber’s original conjecture). However the
most difficult part of Faber’s conjecture, which claims that R∗(Mg)
should be a Poincare´ duality algebra of dimension 2g − 4, remains
unsettled.
Here we would like to describe a topological approach to Faber’s
conjecture, in particular this most difficult part. For this, we denote
by
ei ∈ H
2i(Mg;Z) (i = 1, 2, · · · )
the i-th Mumford-Morita-Miller tautological class which was defined
in [72] as follows. For any oriented Σg-bundle π : E→X , the tangent
bundle along the fiber of π, denoted by ξ, is an oriented plane bundle
over the total space E. Hence we have its Euler class e = χ(ξ) ∈
H2(E;Z). If we apply the Gysin homomorphism (or the integration
along the fibers) π∗ : H
∗(E;Z)→H∗−2(X ;Z) to the power ei+1, we
obtain a cohomology class
ei(π) = π∗(e
i+1) ∈ H2i(X ;Z)
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of the base space X . By the obvious naturality of this construction,
we obtain certain cohomology classes
e ∈ H2(EDiff+Σg;Z), ei ∈ H
2i(BDiff+Σg;Z)
where EDiff+Σg→BDiff+Σg denotes the universal oriented Σg-bundle.
In the cases where g ≥ 2, a theorem of Earle and Eells [12] implies
that the two spaces EDiff+Σg and BDiff+Σg are Eilenberg-MacLane
spaces K(Mg,∗, 1) and K(Mg, 1) respectively. Hence we obtain the
universal Euler class e ∈ H2(Mg,∗;Z) and the Mumford-Morita-Miller
classes ei ∈ H
2i(Mg;Z) as group cohomology classes of the mapping
class groups. It follows from the definition that, over the rationals,
the class ei is the image of (−1)
i+1κi under the natural projection
A∗(Mg)→H
∗(Mg;Q).
Now we define R∗(Mg) (resp. R
∗(Mg,∗)) to be the subalgebra of
H∗(Mg;Q) (resp. H
∗(Mg,∗;Q)) generated by the classes e1, e2, · · ·
(resp. e, e1, e2, · · · ) and call them the tautological algebra of the map-
ping class group Mg (resp. Mg,∗). There is a canonical projection
R∗(Mg)→R
∗(Mg).
Let us denote simply by H (resp. HQ) the homology groupH1(Σg;Z)
(resp. H1(Σg;Q)). Also we set
U = Λ3H/ω0 ∧H, UQ = U ⊗Q
where ω0 ∈ Λ
2H denotes the symplectic class. UQ is an irreducible
representation of the algebraic group Sp(2g,Q) corresponding to the
Young diagram [13] consisting of 3 boxes in a single column. Recall here
that, associated to any Young diagram whose number of rows is less
than or equal to g, there corresponds an irreducible representation of
Sp(2g,Q) (cf. [20]). In our papers [77][81], we constructed a morphism
(6)
Mg,∗
ρ2
−−−→
((
[12]⊕ [22]
)
×˜torelliΛ
3HQ
)
⋊ Sp(2g,Q)y y
Mg −−−→
ρ2
(
[22]×˜UQ
)
⋊ Sp(2g,Q)
where [22]×˜UQ denotes a central extension of UQ by [2
2] correspond-
ing to the unique copy [22] ∈ H2(UQ) and (
(
[12] ⊕ [22]
)
×˜torelliΛ
3HQ is
defined similarly (see [81] for details). The diagram (6) induces the
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following commutative diagram.
(7)
(
Λ∗Λ3H∗Q/
(
[12]torelli ⊕ [22]
))Sp ρ∗
2−−−→ H∗(Mg,∗;Q)x x(
Λ∗U∗Q/([2
2])
)Sp
−−−→
ρ∗
2
H∗(Mg;Q).
On the other hand, we proved in [51][52] that the images of the above
homomorphisms ρ∗2 are precisely the tautological algebras. Here the
concept of the generalizedMorita-Mumford classes defined by Kawazumi
[48] played an important role. Then in [82], the effect of unstable degen-
erations of Sp-modules appearing in (7) was analized and in particular
a part of Faber’s conjecture claiming that R∗(Mg) is already gener-
ated by the classes e1, e2, · · · , e[g/3] was proved (later Ionel [39] proved
this fact at the level of R∗(Mg)). Although the way of degenerations
of Sp-modules is by no means easy to be studied, it seems natural to
expect the following.
Conjecture 1. The natural homomorphisms(
Λ∗Λ3HQ
)Sp
→H∗(Mg,∗;Q), (Λ
∗UQ)
Sp→H∗(Mg;Q)
induce isomorphisms(
Λ∗Λ3H∗Q/
(
[12]torelli ⊕ [22]
))Sp
∼= R∗(Mg,∗)(
Λ∗U∗Q/([2
2])
)Sp ∼= R∗(Mg).
Furthermore, the algebras on the left hand sides are Poincare´ duality
algebras of dimensions 2g − 2 and 2g − 4 respectively.
Here we mention that for a single Riemann surface X , the cohomol-
ogy H∗(Jac(X);Q) is a Poincare´ duality algebra of dimension 2g while
it can be shown that there exists a canonical isomorphism
H∗(Jac(X);Q)/([12]) ∼= H∗(X ;Q)
which is a Poincare´ duality algebra of dimension 2. Here
[12] ⊂ H2(Jac(X);Q)
denotes the kernel Ker(Λ2H∗Q→Q) of the intersection pairing and ([1
2])
denotes the ideal generated by it. Observe that we can write Λ∗U∗Q =
H∗(PH3(Jac)) which is a Poincare´ duality algebra of dimension
(
2g
3
)
−
2g, where PH3(Jac) denotes the primitive part of the third cohomology
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of the Jacobian variety. Hence the above conjecture can be rewritten
as (
H∗(PH3(Jac))/([22])
)Sp ∼= R∗(Mg)
so that it could be phrased as the family version of the above simple
fact for a single Riemann surface.
3. Higher geometry of the mapping class group
Madsen and Weiss [64] recently proved a remarkable result about
the homotopy type of the classifying space of the stable mapping class
group. As a corollary, they showed that the stable rational cohomology
of the mapping class group is isomorphic to the polynomial algebra
generated by the Mumford-Morita-Miller classes
lim
g→∞
H∗(Mg;Q) ∼= Q[e1, e2, · · · ].
We also would like to mention fundamental results of Tillmann [104]
and Madsen and Tillmann [63].
As was explained in [80], the classes ei serve as the (orbifold) Chern
classes of the tangent bundle of the moduli spaceMg and it may appear
that, stably and quantitatively, the moduli space Mg is similar to the
classifying space of the unitary group, namely the complex Grassman-
nian. However, qualitatively the situation is completely different and
the moduli space has much deeper structure than the Grassmannian.
Here we would like to present a few problems concerning “higher geom-
etry” of the mapping class group where we understand the Mumford-
Morita-Miller classes as the primary characteristic classes.
First we recall the following problem, because of its importance,
which was already mentioned in [80] (Conjecture 3.4).
Problem 2. Prove (or disprove) that the even Mumford-Morita-Miller
classes e2i ∈ H
4i(Ig;Q) are non-trivial, in a suitable stable range, as
cohomology classes of the Torelli group.
The difficulty of the above problem comes from the now classical fact,
proved by Johnson [40], that the abelianization of the Torelli group is
very big, namely H1(Ig;Q) ∼= UQ (g ≥ 3). Observe that if Ig were
perfect, then the above problem would have been easily solved by sim-
ply applying the Quillen plus construction to each group of the group
extension (1) and then looking at the homotopy exact sequence of the
resulting fibration. The work of Igusa [38] (in particular Corollary
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8.5.17) shows a close connection between the above problem with an-
other very important problem (see Problem 11 in § 4) of non-triviality
of Igusa’s higher Franz-Reidemeister torsion classes in H4i(IOutn;R)
(Igusa uses the notation OuthFn for the group IOutn). We also refer
to a recent work of Sakasai [95] which is related to the above problem.
Next we recall the following two well-known problems about the
structure of the Torelli group which are related to a foundational work
of Hain [29].
Problem 3. Determine whether the Torelli group Ig (g ≥ 3) is finitely
presentable or not (note that Ig (g ≥ 3) is known to be finitely gener-
ated by Johnson [42]).
Problem 4. Let ug denote the graded Lie algebra associated to the
prounipotent radical of the relative Malcev completion of Ig defined
by Hain [29] and let ug→h
Q
g be the natural homomorphism (here h
Q
g
denotes the graded Lie algebra consisting of symplectic derivations,
with positive degrees, of the Malcev Lie algebra of π1Σg). Determine
whether this homomorphism is injective or not.
In [80], we defined a series of secondary characteristic classes for
the mapping class group. However there was ambiguity coming from
possible odd dimensional stable cohomology classes of the mapping
class group. Because of the result of Madsen-Weiss cited above, we
can now eliminate the ambiguity and give a precise definition as fol-
lows. For each i, we constructed in [51][52] explicit group cocycles
zi ∈ Z
2i(Mg;Q) which represent the i-th Mumford-Morita-Miller class
ei by making use of the homomorphismMg→U⋊Sp(2g,Z) constructed
in [77] which extends the (first) Johnson homomorphism Ig→U . These
cocycles are Mg-invariant by the definition. Furthermore we proved
that such cocycles are unique up to coboundaries. On the other hand,
as is well known, any odd class e2i−1 comes from the Siegel modular
group Sp(2g,Z) so that there is a cocycle z′2i−1 ∈ Z
4i−2(Mg;Q) which
comes from Sp(2g,Z). This cocycle is uniquely defined up to cobound-
aries and Mg-invariant. Now consider the difference z2i−1 − z
′
2i−1. It
is a coboundary so that there exists a cochain yi ∈ C
4i−3(Mg;Q) such
that δyi = z2i−1 − z
′
2i−1. Since H
4i−3(Mg;Q) = 0 by [64] (in a suitable
stable range), the cochain yi is well-defined up to coboundaries.
Now let Kg be the kernel of the Johnson homomorphism so that we
have an extension
(8) 1−→Kg−→Ig−→U−→1.
Recall that Johnson [43] proved that Kg is the subgroup ofMg gener-
ated by Dehn twists along separating simple closed curves on Σg. The
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cocycle z′2i−1 is trivial on the Torelli group Ig while the cocycle z2i−1
(in fact any zi) vanishes on Kg. It follows that the restriction of the
cochain yi to Kg is a cocycle. Hence we obtain a cohomology class
di = [yi|Kg ] ∈ H
4i−3(Kg;Q).
This cohomology class is Mg-invariant where Mg acts on H
∗(Kg;Q)
via outer conjugations. This can be shown as follows. For any element
ϕ ∈Mg, let ϕ∗(yi) be the cochain obtained by applying the conjugation
by ϕ on yi. Since both cocycles z2i−1, z
′
2i−1 are Mg-invariant, we have
δϕ∗(yi) = δyi. Hence ϕ∗(yi)−yi is a cocycle ofMg. By the result of [64]
again, we see that ϕ∗(yi) − yi is a coboundary. Hence the restrictions
of ϕ∗(yi) and yi to Kg give the same cohomology class.
Definition 5. We call the cohomology classes di ∈ H
4i−3(Kg;Q)
Mg
(i = 1, 2 · · · ) obtained above the secondary characteristic classes of the
mapping class group.
The secondary classes di are stable in the following sense. Namely the
pull back of them in H4i−3(Kg,1;Q) are independent of g under natural
homomorphisms induced by the inclusions Kg,1→Kg+1,1 where Kg,1 de-
notes the subgroup ofMg,1 generated by Dehn twists along separating
simple closed curves on Σg \D. This is because the cocycles z2i−1, z
′
2i−1
are stable with respect to g. It follows that the secondary classes di
are defined for all g as elements of H4i−3(Kg,1;Q)
Mg,1 although we have
used the result of [64], which is valid only in a stable range. However as
elements of H4i−3(Kg;Q)
Mg the class di is defined only for g ≥ 12i− 9
at present, although it is highly likely that it is defined for all g. It
was proved in [75] that d1 is the generator of H
1(Kg;Z)
Mg ∼= Z for all
g ≥ 2. See [79] for another approach to the secondary classes.
Problem 6. Prove that all the secondary classes d2, d3, · · · are non-
trivial.
Here is a problem concerning the first class d1. Let C be a separating
simple closed curve on Σg which divides Σg into two compact surfaces
of genera h and g − h and let τC ∈ Kg be the Dehn twist along C.
Then we know that the value of d1 on τC ∈ Kg is h(g − h) (up to a
constant depending on g). This is a very simple formula. However at
present there is no known algorithm to calculate the value d1(ϕ) for a
given element ϕ ∈ Kg, say by analyzing the action of ϕ on π1Σg.
Problem 7. Find explicit way of calculating d1(ϕ) for any given ele-
ment ϕ ∈ Kg. In particular, determine whether the Magnus represen-
tation Ig,1→GL(2g;Z[H ]) of the Torelli group detects d1 or not.
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Suzuki [103] proved that the Magnus representation of the Torelli
group mentioned above is not faithful so that it may happen that the
intersection of the kernel of the Magnus representation with Kg is not
contained in the kernel of d1. We may also ask whether the represen-
tation of the hyperelliptic mapping class group given by Jones [45],
restricted to the intersection of this group with Kg, detects d1 or not
(cf. Kasahara [46] for a related work for the case g = 2). There are also
various interesting works related to the class d1 such as Endo [14] and
Morifuji [71] treating the hyperelliptic mapping class group, Kitano
[54] as well as Hain and Reed [33].
Recently Biss and Farb [5] proved that the group Kg is not finitely
generated for all g ≥ 3 (K2 is known to be an infinitely generated free
group by Mess [69]). However it is still not yet known whether the
abelianization H1(Kg) is finitely generated or not (cf. Problem 2.2 of
[80]).
Finally we would like to mention that Kawazumi [50] is developing
a theory of harmonic Magnus expansions which gives in particular a
system of differential forms representing the Mumford-Morita-Miller
classes on the universal family of curves over the moduli space Mg.
4. Outer automorphism group of free groups
As already mentioned in § 1, let Fn denote a free group of rank n ≥ 2
and let OutFn = AutFn/InnFn denote the outer automorphism group
of Fn. In 1986, Culler and Vogtmann [11] defined a space Xn, called the
Outer Space, which plays the role of the Teichmu¨ller space where the
mapping class group is replaced by OutFn. In particular, they proved
that Xn is contractible and OutFn acts on it properly discontinuously.
The quotient space
Gn = Xn/OutFn
is called the moduli space of graphs which is the space of all the isomor-
phism classes of metric graphs with fundamental group Fn. Recently
many works have been done on the structure of OutFn as well as Gn,
notably by Vogtmann (see her survey paper [106]), Bestvina (see [2])
and many others.
It is an interesting and important problem to compare similarity as
well as difference between the mapping class group and OutFn which
will be discussed at several places in this book. Here we would like to
concentrate on the cohomological side of this problem.
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Hatcher and Vogtmann [37] (see also Hatcher [35]) proved that the
homology of OutFn stabilizes in a certain stable range. This is an
analogue of Harer’s stability theorem [34] for the mapping class group.
More precisely, they proved that the natural homomorphisms
AutFn→AutFn+1, AutFn→OutFn
induce isomorphisms on the i-dimensional homology group for n ≥
2i + 2 and n ≥ 2i + 4, respectively. Thus we can speak of the stable
cohomology group
lim
n→∞
H˜∗(OutFn)
of OutFn.
In the case of the mapping class group, it was proved in [70][73] that
the natural homomorphism Mg→Sp(2g,Z) induces an injection
lim
g→∞
H∗(Sp(2g,Z);Q) ∼= Q[c1, c3, · · · ] ⊂ lim
g→∞
H∗(Mg;Q)
on the stable rational cohomology group where the stable rational co-
homology of Sp(2g,Z) was determined by Borel [6][7]. In the case of
OutFn, Igusa proved the following remarkable result which shows a
sharp contrast with the case of the mapping class group (see Theorem
8.5.3 and Remark 8.5.4 of [38]).
Theorem 8 (Igusa[38]). The homomorphism
H˜k(GL(n,Z);Q)−→H˜k(OutFn;Q)
induced by the natural homomorphism OutFn→GL(n,Z) is the 0-map
in the stable range n ≥ 2k + 1.
Recall here that the stable cohomology of GL(n,Z) is given by
lim
n→∞
H∗(GL(n,Z);Q) ∼= ΛQ(β5, β9, β13, · · · )
due to Borel in the above cited papers.
On the other hand, the first non-trivial rational cohomology of the
group AutFn was given by Hatcher and Vogtmann [36]. They showed
that, up to cohomology degree 6, the only non-trivial rational coho-
mology is
H4(AutF4;Q) ∼= Q.
Around the same time, by making use of a remarkable theorem of
Kontsevich given in [55][56], the author constructed many homology
classes in H∗(OutFn;Q) (see [80] and §10 below). The simplest one in
this construction gave a series of elements
µi ∈ H4i(OutF2i+2;Q) (i = 1, 2, · · · )
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and the first one µ1 was shown to be non-trivial by a computer calcula-
tion. Responding to an inquiry of the author, Vogtmann communicated
us that she modified the argument in [36] to obtain an isomorphism
H4(OutF4;Q) ∼= Q. Thus we could conclude that µ1 is the generator
of this group (see [80][106]). Recently Conant and Vogtmann proved
that the second class µ2 ∈ H8(OutF6;Q) is also non-trivial in their
paper [10] where they call µi the Morita classes. Furthermore they
constructed many cycles of the moduli space Gn of graphs by explicit
constructions in the Outer Space Xn.
More recently, Ohashi [91] determined the rational cohomology group
of OutFn for all n ≤ 6 and in particular he showed
H8(OutF6;Q) ∼= Q.
It follows that µ2 is the generator of this group. At present, the above
two groups (and one more group, H7(AutF5;Q) ∼= Q proved by Ger-
lits [25]) are the only known non-trivial rational homology groups of
OutFn (and AutFn). Now we would like to present the following con-
jecture based on our expectation that the classes µi should concern not
only the cohomology of OutFn but also the structure of the arithmetic
mapping class group (see §8) as well as homology cobordism invariants
of homology 3-spheres as will be explained in §11 below and [83].
Conjecture 9. The classes µi are non-trivial for all i = 1, 2, · · · .
More generally we have the following.
Problem 10. Produce non-trivial rational (co)homology classes of
OutFn.
Next we consider the group IOutn. In [38] Igusa defined higher Franz-
Reidemeister torsion classes
τ2i ∈ H
4i(IOutn;R)
as a special case of his general theory. These classes reflect Igusa’s result
mentioned above (Theorem 8) that the pull back of the Borel classes
β4i+1 ∈ H
4i+1(GL(n,Z);R) in H4i+1(OutFn;R) vanish. However it
seems to be unknown whether his classes are non-trivial or not.
Problem 11 (Igusa). Prove that the higher Franz-Reidemeister tor-
sion classes τ2i ∈ H
4i(IOutn;R) are non-trivial in a suitable stable
range.
In the unstable range, where the Borel classes vanish inH∗(GL(n,Z);R),
there seem to be certain relations between the classes τ2i, (dual of) µi
and unstable cohomology classes in H∗(GL(n,Z);Q). As the first such
example, we would like to ask the following specific problem.
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Problem 12. Prove (or disprove) that the natural homomorphism
H4(OutF4;Q) ∼= Q−→H
4(IOut4;Q)
GL
is an isomorphism where the right hand side is generated by (certain
non-zero multiple of) τ2.
Here is another very specific problem. We know the following groups
explicitly by various authors:
H8(M3,∗;Q) ∼= Q
2 (Looijenga [61])
H8(GL(6,Z);Q) ∼= Q (Elbaz-Vincent, Gangl, Soule´ [13])
H8(OutF6;Q) ∼= Q (Ohashi [91])
On the other hand, we have the following natural injection i as well as
projection p
(9) M3,∗
i
−→OutF6
p
−→GL(6,Z).
Problem 13. Determine the homomorphisms
(10) H8(M3,∗;Q)
i∗
←− H8(OutF6;Q)
p∗
←− H8(GL(6,Z);Q)
induced by the above homomorphisms in (9).
Remark 14. It seems to be natural to conjecture that the right map
in (10) is an isomorphism while the left map is trivial. The former
part is based on a consideration of possible geometric meaning of the
classes µi ∈ H4i(OutF2i+2;Q). For the particular case i = 2 here, it
was proved in [13] that H9(GL(6,Z);Q) = 0. It follows that the Borel
class in H9(GL(6,Z);R) vanishes. Because of this, it is likely that the
Igusa class τ4 ∈ H
8(IOut6;R) would vanish as well and the class µ2
would survive in H8(GL(6,Z);Q). For the latter part, see Remark 19
below.
Problem 15. Define unstable (co)homology classes of GL(n,Z). In
particular, what can be said about the image of µi ∈ H4i(OutF2i+2;Q)
inH4i(GL(2i+2,Z);Q) under the projection OutF2k+2→GL(2k+2,Z)?
The above known results as well as explicit computation made so far
seem to support the following conjecture (which might be something
like a folklore).
Conjecture 16. The stable rational cohomology of OutFn is trivial.
Namely
lim
n→∞
H˜∗(OutFn;Q) = 0.
We can aslo ask how the cohomology of OutFn with twisted coeffi-
cients look like.
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Problem 17. Compute the cohomology of AutFn and OutFn with
coefficients in various GL(n,Q)-modules.
For example, we could ask how Looijenga’s result [62] for the case of
the mapping class group can be generalized in these contexts. We refer
to the work of Kawazumi [49] and also Satoh [97] for recent results
concerning the above problem.
Finally we recall the following well known problem.
Problem 18. Determine whether the natural homomorphisms
H˜∗(AutF2g;Q)−→H˜
∗(Mg,1;Q)
H˜∗(OutF2g;Q)−→H˜
∗(Mg,∗;Q)
induced by the inclusionsMg,1→AutF2g, Mg,∗→OutF2g are trivial or
not.
We refer to a result of Wahl [107] for a homotopy theoretical property
of the homomorphism Mg,1→AutF2g where g tends to ∞.
Remark 19. The known results as well as explicit computations made
so far seem to suggest that the above maps are trivial. According
to a theorem of Kontsevich [55][56] (see §9 below), the triviality of
the second map above is equivalent to the statement that the natural
inclusion
l+∞−→a
+
∞
between two infinite dimentional Lie algebras (see §9 for the definition)
induces the trivial map
H∗(a+∞)
Sp−→H∗(l+∞)
Sp
in the Sp-invariant cohomology groups. Here the trivial map means
that it is the 0-map except for the bigraded parts which correspond to
the 0-dimensional homology groups of Mg,∗ and OutF2g.
Remark 20. In this paper, we are mainly concerned with the ratio-
nal cohomology group of the mapping class group, OutFn and other
groups. As for cohomology group with finite coefficients or torsion
classes, here we only mention the work of Galatius [22] which deter-
mines the mod p stable cohomology of the mapping class group and
also Hatcher’s result [35] that the stable homology of OutFn contains
the homology of Ω∞S∞ as a direct summand.
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5. The derivation algebra of free Lie algebras and the
traces
As in §1, let Fn be a free group of rank n ≥ 2 and let us denote the
abelianization H1(Fn) of Fn simply by Hn. Also let H
Q
n = Hn ⊗ Q.
Sometimes we omit n and we simply write H and HQ instead of Hn
and HQn . Let
Ln = ⊕
∞
k=1Ln(k)
be the free graded Lie algebra generated by Hn. Also let L
Q
n = Ln⊗Q.
We set
Der+(Ln) = {derivation D of Ln with positive degree}
which has a natural structure of a graded Lie algebra over Z. The
degree k part of this graded Lie algebra can be expressed as
Der+(Ln)(k) = Hom(Hn,Ln(k + 1))
and we have
Der+(Ln) =
∞⊕
k=1
Der+(Ln)(k).
Similarly we consider Der+(LQn ) which is a graded Lie algebra over Q.
In the case where we are given an identification π1(Σg \ IntD) ∼= F2g,
we have the symplectic class ω0 ∈ L2g(2) = Λ
2H2g and we can consider
the following graded Lie subalgebra
hg,1 = {D ∈ Der
+(L2g);D(ω0) = 0}
=
∞⊕
k=1
hg,1(k).
Similarly we have hQg,1 = hg,1 ⊗Q.
In our paper [76], for each k, we defined a certain homomorphism
trace(k) : Der+(Ln)(k)−→S
kHn
where SkHn denotes the k-th symmetric power of Hn. We call this
“trace” because it is defined as the usual trace of the abelianized non-
commutative Jacobian matrix of each homogeneous derivation. Here
we recall the definition briefly from the above cited paper. Choose a
basis x1, · · · , xn of Hn = H1(Fn;Z). We can consider Ln(k + 1) as a
natural submodule of H
⊗(k+1)
n consisting of all the Lie polynomials of
degree k + 1. For example [x1, x2] ∈ Ln(2) corresponds to the element
x1⊗x2−x2⊗x1 ∈ H
⊗2. By using the concept of the Fox free differential,
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we can also embed Ln(k+1) into the set (H
⊗k
n )
n of all the n-dimensional
column vectors with entries in H⊗kn by the following correspondence
Ln(k + 1) ∋ η 7−→
(
∂η
∂xi
)
∈ (H⊗kn )
n.
Here for each monomial η ∈ Ln(k + 1) ⊂ H
⊗(k+1)
n which is uniquely
expressed as
η = η1 ⊗ x1 + · · ·+ ηn ⊗ xn (ηi ∈ H
⊗k
n ),
we have
∂η
∂xi
= ηi.
Definition 21. In the above terminologies, the k-th trace trace(k) :
Der+(Ln)(k)−→S
kHn is defined by
trace(k)(f) =
(
n∑
i=1
∂f(xi)
∂xi
)ab
where f ∈ Der+(Ln)(k) = Hom(Hn,Ln(k + 1)) and the superscript ab
denotes the natural projection H⊗kn →S
kHn.
Remark 22. If we identify the target Hom(Hn,Ln(k + 1)) of trace(k)
with
H∗n ⊗ Ln(k + 1) ⊂ H
∗
n ⊗H
⊗(k+1)
n
where H∗n = Hom(Hn,Z) denotes the dual space of Hn, then it follows
immediately from the definition that trace(k) is equal to the restriction
of the contraction
Ck+1 : H
∗
n ⊗H
⊗(k+1)
n −→H
⊗k
n
followed by the abelianization H⊗kn →S
kHn. Here
Ck+1(f ⊗ u1 ⊗ · · · ⊗ uk+1) = f(uk+1)u1 ⊗ · · · ⊗ uk
for f ∈ H∗n, ui ∈ Hn. Also it is easy to see that, if we replace Ck+1 with
C1 defined by
C1(f ⊗ u1 ⊗ · · · ⊗ uk+1) = f(u1)u2 ⊗ · · · ⊗ uk+1
in the above discussion, then we obtain (−1)ktrace(k).
Example 23. Let adx2(x1)
k ∈ Der+(Ln)(k) be the element defined by
adx2(x1)
k(x2) = [x1, [x1, [· · · , [x1, x2] · · · ] (k-times x1)
adx2(x1)
k(xi) = 0 (i 6= 2).
Then a direct computation shows that
trace(k)(adx2(x1)
k) = xk1.
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As was mentioned in [76], the traces are GL(Hn)-equivariant in an
obvious sense. Since xk1 generates S
kHn as aGL(Hn)-module, the above
example implies that the mapping trace(k) : Der+(Ln)(k)−→S
kHn is
surjective for any k. Another very important property of the traces
proved in the above cited paper is that they vanish identically on the
commutator ideal [Der+(Ln),Der
+(Ln)]. Hence we have the following
surjective homomorphism of graded Lie algebras
(τ1,⊕ktrace(k)) : Der
+(Ln)−→Hom(Hn,Λ
2Hn)⊕
∞⊕
k=2
SkHn
where the target is understood to be an abelian Lie algebra. We have
also proved that, for any k, trace(2k) vanishes identically on hg,1 and
that trace(2k+1) : hQg,1(2k+1)→S
2k+1HQ2g is surjective. Thus we have
a surjective homomorphism
(11) (τ1,⊕ktrace(2k + 1)) : h
Q
g,1−→Λ
3HQ2g ⊕
∞⊕
k=1
S2k+1HQ2g
of graded Lie algebras which we conjectured to give the abelianization
of the Lie algebra hQg,1 (see Conjecture 6.10 of [80]).
Recently Kassabov [47] (Theorem 1.4.11) proved the following re-
markable result. Let x1, · · · , xn be a basis of Hn as before.
Theorem 24 (Kassabov). Up to degree n(n− 1), the graded Lie alge-
bra Der+(LQn ) is generated as a Lie algebra and sl(n,Q)-module by the
elements ad(x1)
k (k = 1, 2, · · · ) and the element D which sends x1 to
[x2, x3] and xi(i 6= 1) to 0.
If we combine this theorem with the concept of the traces, we obtain
the following.
Theorem 25. The surjective Lie algebra homomorphism
(τ1,⊕ktrace(k)) : Der
+(LQn )−→Hom(H
Q
n ,Λ
2HQn )⊕
∞⊕
k=2
SkHQn ,
induced by the degree 1 part and the traces, gives the abelianization
of the graded Lie algebra Der+(LQn ) up to degree n(n − 1) so that any
element of degree 2 ≤ d ≤ n(n− 1) with vanishing trace belongs to the
commutator ideal [Der+(LQn ),Der
+(LQn )]. Furthermore, any sl(n,Q)-
equivariant splitting to this abelianization generates Der+(LQn ) in this
range. Hence stably there exists an isomorphism
H1
(
Der+(LQ∞)
)
∼= Hom(HQ∞,Λ
2HQ∞)⊕
∞⊕
k=2
SkHQ∞
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and the degree 1 part and (any sl(n,Q)-equivariant splittings of) the
traces generate Der+(LQ∞).
Although the structure of hQg,1 is much more complicated than that
of Der+(LQn ), Kassabov’s argument adapted to this case together with
some additional idea will produce enough information about the gen-
eration as well as the abelianization of hQg,1 in a certain stable range.
Details will be given in our forthcoming paper [83]. It follows that any
element in the Lie algebra hQ∞,1 can be expressed in terms of the degree
1 part and the traces.
6. The second cohomology of hQg,1
In this section, we define a series of elements in H2(hQg,1)
Sp which
denotes the Sp-invariant part of the second cohomology of the graded
Lie algebra hQg,1.
As is well known, UQ = Λ
3HQ/ω0 ∧HQ and S
2k+1HQ (k = 1, 2, · · · )
are all irreducible representations of Sp(2g,Q). It is well known in
the representation theory that, for any irreducible representation V of
the algebraic group Sp(2g,Q), the tensor product V ⊗ V contains a
unique trivial summand Q ⊂ V ⊗ V (cf. [20] for generalities of the
representations of the algebraic group Sp(2g,Q)). In our case where
V is any of the above irreducible representations, it is easy to see that
the trivial summand appears in the second exterior power part Λ2V ⊂
V ⊗ V . It follows that each of
Λ2UQ, Λ
2S3HQ, Λ
2S5HQ, · · ·
contains a unique trivial summand Q. Let
ι1 : Λ
2UQ→Q, ι2k+1 : Λ
2S2k+1HQ→Q (k = 1, 2, · · · )
be the unique (up to scalars) Sp-equivariant homomorphism. We would
like to call them higher intersection pairing on surfaces which generalize
the usual one Λ2HQ→Q. We can write
ι1 ∈ H
2(UQ)
Sp, ι2k+1 ∈ H
2(S2k+1HQ)
Sp.
Definition 26. We define the cohomology classes
e1, t3, t5, · · · ∈ H
2(hQg,1)
Sp
by setting
e1 = τ¯
∗
1 (ι1), t2k+1 = trace(2k + 1)
∗(ι2k+1)
where τ¯1 denotes the composition h
Q
g,1→Λ
3HQ→UQ.
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Conjecture 27. The classes e1, t3, t5, · · · are all non-trivial. Further-
more they are linearly independent and form a basis of H2(hQg,1)
Sp.
Remark 28. The element e1 is the Lie algebra version of the first
Mumford-Morita-Miller class (we use the same notation).
Remark 29. The Lie algebra hQg,1 is graded so that the cohomology
group H2(hQg,1)
Sp is bigraded. Let H2(hQg,1)
Sp
n denote the weight n part
of H2(hQg,1)
Sp (see §9 for more details). Then by definition we have
e1 ∈ H
2(hQg,1)
Sp
2 , t2k+1 ∈ H
2(hQg,1)
Sp
4k+2.
Hence if the elements e1, t3, t5, · · · are non-trivial, then they are au-
tomatically linearly independent. Thus the above conjecture can be
rewritten as
H2(hQg,1)
Sp
n
∼=
{
Q (n = 2, 6, 10, 14, · · · )
0 (otherwise)
where the summands Q in degrees 2, 6, 10, · · · are generated by the
above classes.
As for the non-triviality, all we know at present is the non-triviality
of e1, t3, t5. The non-triviality of the class t2k+1 is the same as that of
the class µk because of the theorem of Kontsevich described in §9. This
will be explained in that section.
7. Constructing cohomology classes of hQg,1
In this section, we describe a general method of constructing Sp-
invariant cohomology classes of the Lie algebra hQg,1 which generalize
the procedure given in the previous section. As was already mentioned
in our paper [80], the homomorphism (11) induces the following homo-
morphim in the Sp-invariant part of the cohomology
(12) H∗
(
Λ3HQ ⊕
∞⊕
k=1
S2k+1HQ2g
)Sp
−→H∗(hQg,1)
Sp.
By the same way as in [78][51], the left hand side can be computed
by certain polynomial algebra
Q[Γ; Γ ∈ Godd]
generated by graphs belonging to Godd which denotes the set of all
isomorphism classes of connected graphs with valencies in the set
3, 3, 5, 7, · · ·
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of odd integers. Here we write two copies of 3 because of different roles:
the first one is related to the target Λ3HQ of τ1 (alternating) while
the second one is related to the target S3HQ of trace(3) (symmetric).
The other 2k + 1 (k = 2, 3, · · · ) are related to the target S2k+1HQ of
trace(2k + 1). Thus we obtain a homomorphism
(13) Φ : Q[Γ; Γ ∈ Godd]−→H∗(hQg,1)
Sp.
The elements e1, t3, t5, · · · defined in Definition 26 arise as the images,
under Φ, of those graphs with exactly two vertices which are connected
by 3, 3, 5, 7, · · · edges.
Remark 30. As was mentioned already in the previous section §6, the
cohomology of hQg,1 is bigraded. Let Γ ∈ G
odd be a connected graph
whose valencies are va3 times 3 (alternating), v
s
3 times 3 (symmetric)
and v2k+1 times 2k + 1 (2k + 1 > 3). Then
(14) Φ(Γ) ∈ Hd(hQg,1)
Sp
n
where
d = va3 + v
s
3 + v5 + v7 + · · ·
n = va3 + 3v
s
3 + 5v5 + 7v7 + · · · .
Observe that n+ 2va3 is equal to twice of the number of edges of Γ. It
follows that n (and hence d) is always an even integer.
Problem 31. Find explicit graphs Γ ∈ Godd such that the correspond-
ing homology classes Φ(Γ) are non-trivial.
8. Three groups beyond the mapping class group
In view of the definition of the Lie algebra hg,1 (see §5), we may say
that it is the “Lie algebra version” of the mapping class group Mg,1.
However the result of the author [76] showed that it is too big to be
considered so and the following question arose: what is the algebraic
and/or geometric meaning of the complement of the image of Mg,1 in
hg,1 ? Two groups came into play in this framework in the 1990’s. One
is the arithmetic mapping class group through the works of number
theorists, notably Oda, Nakamura and Matsumoto, and the other is
OutFn via the theorem of Kontsevich described in the next section
§9. In this section, we would like to consider the former group briefly
from a very limited point of view (see [87][66] and references therein
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for details). The latter group was already introduced in §4 and will be
further discussed in §10.
More recently, it turned out that we have to treat one more group in
the above setting and that is the group of homology cobordism classes
of homology cylinders. This will be discussed in §11 below. We strongly
expect that the traces will give rise to meaningful invariants in each of
these three groups beyond the mapping classs group.
Now we consider the first group above. The action of Mg,1 on the
lower central series of Γ = π1(Σg\IntD) induces a filtration {Mg,1(k)}k
on Mg,1 as follows. Let Γ1 = [Γ, Γ ] be the commutator subgroup of
Γ and inductively define Γk+1 = [Γ, Γk] (k = 1, 2, · · · ). The quotient
group Nk = Γ/Γk is called the k-th nilpotent quotient of Γ . Note that
N1 is canonically isomorphic to H2g = H1(Σg;Z). Now we set
Mg,1(k) = {ϕ ∈Mg,1;ϕ acts on Nk trivially}.
Thus the first groupMg,1(1) in this filtration is nothing but the Torelli
group Ig,1. As is well known, the quotient group Γk/Γk+1 can be iden-
tified with the (k+1)-st term L2g(k+1) of the free graded Lie algebra
generated by H2g (see § 5). It can be checked that the correspondence
Mg,1(k) ∋ ϕ 7−→
Γ ∋ α 7→ ϕ∗(α)α
−1 ∈ Γk/Γk+1 ∼= L2g(k + 1)
descends to a homomorphism
τk :Mg,1(k)−→Hom(H2g,L2g(k + 1))
which is now called the k-th Johnson homomorphism because it was
introduced by Johnson (see [40][41]). Furthermore it turns out that
the totality {τk}k of these homomorphims induces an injective homo-
morphism of graded Lie algebras
(15) Gr+(Mg,1) =
∞⊕
k=1
Mg,1(k)/Mg,1(k + 1)−→hg,1
(see [76][80] for details). Although there have been obtained many
important results concerning the image of the above homomorphism,
the following is still open.
Problem 32. Determine the image as well as the cokernel of the ho-
momorphism (15) explicitly.
Note that Hain [29] proved that the image of (15), after tensored
with Q, is precisely the Lie subalgebra generated by the degree 1 part.
However it is unclear which part of hQg,1 belongs to this Lie subalgebra.
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In relation to this problem, Oda predicted, in the late 1980’s, that
there should arise “arithmetic obstructions” to the surjectivity of John-
son homomorphism. More precisely, based on the theory of Ihara in
number theory which treated mainly the case g = 0, n = 3, he ex-
pected that the absolute Galois group Gal(Q/Q) should “appear” in
hg,1⊗Zℓ outside of the geometric part and which should be Sp-invariant
for any genus g and for any prime ℓ. In 1994, Nakamura [86] proved,
among other results, that this is in fact the case (see also Matsumoto
[65]). This was the second obstruction to the surjectivity of Johnson
homomorphism, the first one being the traces in [76]. This raised the
following problem.
Problem 33. Describe the Galois images in hg,1 ⊗ Zℓ.
The above result was proved by analyzing the number theoretical en-
hancement of the Johnson homomorphism where the geometric map-
ping class group is replaced by the arithmetic mapping class group
which is expressed as an extension
1−→Mˆng−→π
alg
1 M
n
g/Q−→Gal(Q/Q)−→1
and studied by Grothendieck, Deligne, Ihara, Drinfel’d and many num-
ber theorists. Nakamura continued to study the structure of the map-
ping class group from the point of view of number theory extensively
(see e.g. [88][89]). On the other hand, Hain and Matsumoto recently
proved remarkable results concerning this subject (see [31][32]). In view
of deep theories in number theory, as well as the above explicit results,
it seems to be conjectured that there should exist an embedding
FreeLieZ(σ3, σ5, · · · ) ⊂ hg,1
of certain free graded Lie algebra over Z generated by certain elements
σ3, σ5, · · · , corresponding to the Soule´ elements, into hg,1 such that the
tensor product of it with Zℓ coincides with the image of Gal(Q/Q) for
any prime ℓ.
We expect that the above conjectured free graded Lie algebra (the
motivic Lie algebra) can be realized inside hg,1 (in fact inside the com-
mutator ideal [hg,1, hg,1]) explicitly in terms of the traces. In some sense,
the elements σ2k+1 should be decomposable in higher genera. Here we
omit the precise form of the expected formula which will be given in a
forthcoming paper.
Finally we mention the analogue of the Johnson homomorphisms
for the group AutFn very briefly. Prior to the work of Johnson, An-
dreadakis [1] introduced and studied the filtration on {AutFn(k)}k
which is induced from the action of AutFn on the lower central series
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of Fn. The first group AutFn(1) in this filtration is nothing but the
group IAutn. It can be checked that an analogous procedure as in the
case of the mapping class group gives rise to certain homomorphisms
τk : AutFn(k)−→Hom(Hn,Ln(k + 1))
and the totality {τk}k of these homomorphims induces an injective
homomorphism of graded Lie algebras
(16) Gr+(AutFn) =
∞⊕
k=1
AutFn(k)/AutFn(k + 1)−→Der
+(Ln).
We refer to [49][93][98] for some of the recent works related to the above
homomorphism.
9. A theorem of Kontsevich
In this section, we recall a theorem of Kontsevich described in [55][56]
which is the key result for the argument given in the next section. See
also the paper [9] by Conant and Vogtmann for a detailed proof as well
as discussion of this theorem in the context of cyclic operads. In the
above cited papers, Kontsevich considered three kinds of infinite di-
mensional Lie algebras denoted by cg, ag, lg (commutative, associative,
and lie version, respectively). The latter two Lie algebras are defined
by
ag = {derivation D of the tensor algebra T
∗(HQ)
such that D(ω0) = 0}
lg = {derivation D of the free Lie algebra L
Q
2g ⊂ T
∗(HQ)
such that D(ω0) = 0}.
There is a natural injective Lie algebra homomorphism lg→ag. The
degree 0 part of both of ag, lg is the Lie algebra sp(2g,Q) of Sp(2g,Q).
Let a+g (resp. l
+
g ) denote the Lie subalgebra of ag (resp. lg) consisting
of derivations with positive degrees. Then the latter one l+g is noth-
ing other than the Lie algebra hQg,1 considered in §5. Now Kontsevich
described the stable homology groups of the above three Lie algebras
(where g tends to ∞) in terms of cohomology groups of graph com-
plexes, moduli spacesMmg of Riemann surfaces and the outer automor-
phism groups OutFn of free groups (or the moduli space of graphs),
respectively. Here is the statement for the cases of a∞, l∞.
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Theorem 34 (Kontsevich). There are isomorphisms
PH∗(a∞) ∼= PH∗(sp(∞,Q))⊕
⊕
g≥0,m≥1,2g−2+m>0
H∗(Mmg ;Q)
Sm ,
PH∗(l∞) ∼= PH∗(sp(∞,Q))⊕
⊕
n≥2
H∗(OutFn;Q).
Here P denotes the primitive parts of H∗(a∞), H∗(l∞) which have
natural structures of Hopf algebras and Mmg denotes the moduli space
of genus g smooth curves with m punctures.
Here is a very short outline of the proof of the above theorem. Using
natural cell structure of the Riemann moduli space Mmg (m ≥ 1) and
the moduli spaceGn of graphs, which serves as the (rational) classifying
space of OutFn by [11], Kontsevich introduced a natural filtration on
the cellular cochain complex of these moduli spaces. Then he proved
that the associated spectral sequence degenerates at the E2-term and
only the diagonal terms remain to be non-trivial. On the other hand, by
making use of classical representation theory for the group Sp(2g,Q),
he constructed a quasi isomorphism between the E1-term and the chain
complexes of the relevant Lie algebras (a∞ or l∞). For details, see the
original papers cited above as well as [9].
There is also the dual version of the above theorem which connects
the primitive cohomology of the relevant Lie algebras with the homol-
ogy groups of the moduli space or OutFn. We would like to describe
it in a detailed form because this version is most suitable for our pur-
pose. The Lie algebras l+∞, a
+
∞ are graded. Hence their Sp-invariant
cohomology groups are bigraded. Let Hk(l+∞)
Sp
n and H
k(a+∞)
Sp
n denote
the weight n part of Hk(l+∞)
Sp and Hk(a+∞)
Sp respectively. Then we
have the following isomorphisms.
PHk(l+∞)
Sp
2n
∼= H2n−k(OutFn+1;Q)(17)
PHk(a+∞)
Sp
2n
∼=
⊕
2g−2+m=n
H2n−k(M
m
g ;Q)Sm(18)
10. Constructing homology classes of OutFn
In this section, we combine our construction of many cohomology
classes in H∗(hQg,1)
Sp given in §6, §7 with Kontsevich’s theorem given in
§9 to produce homology classes of the group OutFn.
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First we see that the homomorphism given in (13) is stable with
respect to g. More precisely, the following diagram is commutative
(19)
Q[Γ; Γ ∈ Godd]
Φ
−−−→ H∗(hQg+1,1)
Sp∥∥∥ y
Q[Γ; Γ ∈ Godd] −−−→
Φ
H∗(hQg,1)
Sp,
where the right vertical map is induced by the inclusion hg,1→hg+1,1.
This follows from the fact that the traces trace(2k + 1) as well as τ1
are all stable with respect to g in an obvious way.
Next, we see that the cohomology class Φ(Γ) ∈ H∗(hQ∞,1)
Sp obtained
in this way is primitive if and only if Γ is connected. Keeping in
mind the fact hQ∞,1 = l
+
∞, the property (14), as well as the version
of Kontsevich’s theorem given in (17) we now obtain the following
theorem.
Theorem 35. Associated to each connected graph Γ ∈ Godd whose
valencies are va3 times 3 (alternating), v
s
3 times 3 (symmetric) and v2k+1
times 2k + 1 (2k + 1 > 3), we have a homology class
Φ(Γ) ∈ H2n−d(OutFn+1;Q)
where
d = va3 + v
s
3 + v5 + v7 + · · · , 2n = v
a
3 + 3v
s
3 + 5v5 + 7v7 + · · · .
Remark 36. Let Γ2k+1 be the connected graph with two vertices both
of which have valency 2k+1. Then d = 2, 2n = 4k+2 and Φ(Γ2k+1) ∈
H4k(OutF2k+2;Q) is the class µk already mentioned in §4.
The following problem is an enhancement of Problem 31 in the con-
text of the homology of the moduli space of graphs rather than the
cohomology of the Lie algebra hQg,1.
Problem 37. Give examples of odd valent graphs Γ whose associated
homology classes Φ(Γ) ∈ H∗(OutFn;Q) are non-trivial as many as
possible. Also compare these classes with the homology classes con-
structed by Conant and Vogtmann [10] as explicit cycles in the moduli
space of graphs. Furthermore investigate whether these classes survive
in H∗(GL(n,Z);Q), or else come from H∗(IOutn;Q), or not.
Remark 38. It seems that the geometric meaning of Kontsevich’s the-
orem is not very well understood yet. In particular, there is almost
no known relations between the classes Φ(Γ) ∈ H∗(OutFn;Q) where
the rank n varies. However, there should be some unknown structures
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here. For example, there are graphs Γ whose associated classes Φ(Γ)
lie in H8(OutFn;Q) for n = 7, 8 which might be closely related to the
class µ2 ∈ H8(OutF6;Q).
11. Group of homology cobordism classes of homology
cylinders
In his theory developed in [27], Habiro introduced the concept of ho-
mology cobordism of surfaces and proposed interesting problems con-
cerning it. Goussarov [26] also studied the same thing in his theory. It
played an important role in the classification theory of 3-manifolds now
called the Goussarov-Habiro theory. Later Garoufalidis and Levine [24]
and Levine [60] used this concept to define a group Hg,1 which consists
of homology cobordism classes of homology cylinders on Σg \ IntD. We
refer to the above papers for the definition (we use the terminology ho-
mology cylinder following them) as well as many interesting questions
concerning the structure of Hg,1. It seems that the importance of this
group is growing recently.
Here we summarize some of the results of [24][60] which will be nec-
essary for our purpose here. Consider Γ = π1(Σg \ IntD), which is
isomorphic to F2g, and let {Γk}k be its lower central series as before.
Note that Γ contains a particular element γ ∈ Γ which corresponds to
the unique relation in π1Σg. They define
Aut0(Γ/Γk) = {f ∈ Aut(Γ/Γk);
f lifts to an endomorphism of Γ which fixes γ mod Γk+1}.
By making a crucial use of a theorem of Stallings [102], for each k they
obtain a homomorphism
σk : Hg,1−→Aut0(Γ/Γk).
The following theorem given in [24] is a basic result for the study of
the structure of the group Hg,1.
Theorem 39 (Garoufalidis-Levine). The above homomorphism σk is
surjective for any k.
They use the homomorphisms {σk}k to define a certain filtration
{Hg,1(k)}k of Hg,1 and show that the Johnson homomorphisms are
defined also on this group. Furthermore they are surjective so that
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there is an isomorphism
Gr+(Hg,1) =
∞⊕
k=1
Hg,1(k)/Hg,1(k + 1) ∼= hg,1.
They concluded from this fact that Hg,1 contains Mg,1 as a subgroup.
The homomorphisms σk fit together to define a homomorphism
σ : Hg,1−→ lim←−
Aut0(Γ/Γk).
They show that this homomorphism is not surjective by using the ar-
gument of Levine [59]. We mention a recent paper [96] of Sakasai for
a related work. Also they point out that, although the restriction of σ
to Mg,1 is injective, σ has a rather big kernel because Ker σ at least
contains the group
Θ3Z = {oriented homology 3-sphere}/homology cobordism.
It is easy to see that Θ3Z is contained in the center of Hg,1 so that we
have a central extension
(20) 0−→Θ3Z−→Hg,1−→Hg,1−→1
where Hg,1 = Hg,1/Θ
3
Z.
The group Θ3Z is a very important abelian group in low dimensional
topology. In [21], Furuta first proved that this group is an infinitely
generated group by making use of gauge theory. See also the paper [16]
by Fintushel and Stern for another proof. However, only a few addi-
tive invariants are known on this group at present besides the classical
surjective homomorphism
(21) µ : Θ3Z−→Z/2
defined by the Rokhlin invariant. One is a non-trivial homomorphism
Θ3Z−→Z constructed by Frφyshov [17] and the other is given by Ozsva´th
and Szabo´ [92] as an application of their Heegaard Floer homology
theory. Neumann [90] and Siebenmann [101] defined an invariant µ¯
for plumbed homology 3-spheres and Saveliev [99] introduced his ν-
invariant for any homology sphere by making use of the Floer homol-
ogy. On the other hand, Fukumoto and Furuta (see [18][19]) defined
certain invariants for plumbed homology 3-spheres using gauge the-
ory. According to a recent result of Saveliev [100], these invariants fit
together to give a candidate of another homomorphism on Θ3Z.
The situation being like this, Θ3Z remains to be a rather mysterious
group. Thus we have the following important problem.
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Problem 40. Study the central extension (20) from the point of view
of group cohomology as well as geometric topology. In particular de-
termine the Euler class of this central extension which is an element of
the group
H2(Hg,1; Θ
3
Z)
∼= Hom(H2(Hg,1),Θ
3
Z)⊕ ExtZ(H1(Hg,1),Θ
3
Z).
This should be an extremely difficult problem. Here we would like to
indicate a possible method of attacking it, and in particular a possible
way of obtaining additive invariants for the group Θ3Z, very briefly.
Details will be given in a forthcoming paper.
Using the traces, we can define a series of certain cohomology classes
t˜2k+1 ∈ H
2(lim
←−
Aut0(Γ/Γm)) (k = 1, 2, · · · ).
These are the “group version” of the elements t2k+1 ∈ H
2(hQg,1)
Sp de-
fined in §6 (Definition 26). The homomorphism σ is trivial on Θ3Z so
that we have the induced homomorphism σ¯ : Hg,1→ lim←−
Aut0(Γ/Γm).
Conjecture 41.
1. σ¯∗(t˜2k+1) is non-trivial in H
2(Hg,1) for any k
2. σ∗(t˜2k+1) is trivial in H
2(Hg,1) for any k.
The first part of the above conjecture is the “group version” of Con-
jecture 27 and it should be even more difficult to prove. On the other
hand, if the classes σ∗(t˜2k+1) were non-trivial, then they would serve
as invariants for certain 4-manifolds (2-dimensional family of homology
cylinders). This seems unlikely to be the case. Thus the second part
is related to the following problem.
Problem 42. Determine the abelianization of the group Hg,1. Is it
trivial? Also determine the second homology group H2(Hg,1;Z). Is the
rank of it equal to 1 given by the signature?
If everything will be as expected, we would obtain non-trivial homo-
morphisms
tˆ2k+1 : Θ
3
Z−→Z
as secondary invariants associated to the cohomology classes t˜2k+1.
There should be both similarity and difference between these cases
and the situation where we interpreted the Casson invariant as the sec-
ondary invariant associated to the first Mumford-Morita-Miller class e1
(see [74]). More precisely, they are similar because they are all related
to some cohomology classes in H2(hQg,1). They are different because
e1 is non-trivial in H
2(Hg,1) whereas we expect that the other classes
σ∗(t˜2k+1) would be all trivial in the same group.
28 SHIGEYUKI MORITA
Also recall here that Matumoto [67] and Galewsky and Stern [23]
proved that every topological manifold (of dimension n ≥ 7) is simpli-
cially triangulable if and only if the homomorphism (21) splits. In view
of this result, it should be important to investigate the mod 2 structure
of the extension (20) keeping in mind the works of Birman and Craggs
[3] as well as Johnson [44] for the case of the mapping class group.
However we have come too far and surely many things have to be
clarified before we would understand the structure of the group Hg,1.
Finally we would like to propose a problem.
Problem 43. Generalize the infinitesimal presentation of the Torelli
Lie algebra given by Hain [29] to the case of the group of homology
cobordism classes of homology cylinders.
12. Diffeomorphism groups of surfaces
Let us recall the important problem of constructing (and then de-
tecting) characteristic classes of smooth fiber bundles as well as those
of foliated fiber bundles whose fibers are diffeomorphic to a general
closed C∞ manifold M . This is equivalent to the problem of comput-
ing the cohomology groups H∗(BDiffM) (resp. H∗(BDiffδM)) of the
classifying space of the diffeomorphim group DiffM (resp. the same
group DiffδM equipped with the discrete topology) ofM . Although the
theory of higher torsion invariants of fiber bundles developed by Igusa
[38] on the one hand and by Bismut, Lott [4] and Goette on the other
and also the Gel’fand-Fuks cohomology H∗GF (M) of M (see e.g. [28])
produce characteristic classes for the above two types of M-bundles,
there seem to be only a few known results concerning explicit compu-
tations for specific manifolds. The same problems are also important
for various subgroups of DiffM , in particular the symplectomorphism
group Symp(M,ω) (in the case where there is given a symplectic form
ω on M) as well as the volume preserving diffeomorphism group.
Here we would like to propose two problems for the special, but at
the same time very important case of surfaces. Note that we have two
characteristic classes
(22)
∫
fiber
u1c
2
1,
∫
fiber
u1c2 ∈ H
3(BDiffδ+Σg;R)
which are defined to be the fiber integral of the characteristic classes
u1c
2
1, u1c2 of codimention two foliations. In the case of g = 0 (namely
S2), Thurston and then Rasmussen [94] (see also Boullay [8]) proved
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that these classes are linearly independent and vary continuously. Al-
though it is highly likely that their results can be extended to the cases
of surfaces of higher genera, explicit construction seems to be open.
Problem 44. Prove that the above characteristic classes induce sur-
jective homomorphism
H3(BDiff
δ
+Σg;Z)−→R
2
for any g.
The cohomology classes in (22) are stable with respect to g. On
the other hand, in [57][58] we found an interesting interaction between
the twisted cohomology group of the mapping class group and some
well known concepts in symplectic topology such as the flux homomor-
phism as well as the Calabi homomorphism (see [68] for generalities of
the symplectic topology). By making use of this, we defined certain
cohomology classes of BSympδΣg and proved non-triviality of them.
In view of the fact that all the known cohomology classes of BDiffδ+Σg
as well as BSympδΣg are stable with respect to the genus, we would
like to ask the following problem.
Problem 45. Study whether the homology groups of BDiffδ+Σg stabi-
lize with respect to g or not. The same problem for the group SympδΣg.
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